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Abstract. The space of generalized projective structures on a Riemann sur- 
face £ of genus g with n marked points is the afBne space over the cotangent 
bundle to the space of SL(N)-opers. It is a phase space of Wpf-gr&vity on 
Sxi This space is a generalization of the space of projective structures on 
the Riemann surface. We define the moduli space of Wff-gravitj as a sym- 
plectic quotient with respect to the canonical action of a special class of Lie 
algebroids. They describe in particular the moduli space of deformations of 
complex structures on the Riemann surface by differential operators of finite 
order, or equivalently, by a quotient space of Volterra operators. We call these 
algebroids the Adler-Gelfand-Dikii (AGD) algebroids, because they are con- 
structed by means of AGD bivector on the space of opers restricted on a circle. 
The AGD-algebroids are particular case of Lie algebroids related to a Poisson 
sigma-model. The moduli space of the generalized projective structure can be 
described by cohomology of a BRST-complex. 
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1. Introduction 

The goal of this paper is to define a moduli space of generalized projective 
structures on a Riemann surface £ 5 , n of genus g with n marked points. The stan- 
dard projective structure is a pair of projective connection T and the Beltrami 
differential /i. The projective connection is defined locally by the second order 
differential operator d 2 z + T(z,z). It behaves as (2, 0)-differential. The Beltrami 
differential defines a deformation of complex structure on £ g , n as d s —> dz + (J-d z . 
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It is a (—1, l)-diffcrential. The pair (T, /i) can be considered as coordinates in the 
affine space over the cotangent bundle to the space of projective connection. It is 
an infinite dimensional symplectic space with the canonical form j„ DTADfi. It 
has a field-theoretical interpretation as a phase space of Wjv-gravity, describing a 
topological field theory on S Si „ x M |25l II 11 115] . The chiral vector fields generate 
canonical transformations of this space. The symplectic quotient with respect to 
this action is a finite-dimensional space - the moduli space of projective structure 
on The moduli space of complex structures is a part of this space. 

The projective connections have a higher order generalizations. It is a space of 
SL(iV, C)-opers on E 9! „ }27l l4]. The dual to them variables define generalized defor- 
mations of complex structures by (—j, l)-diffcrentials (j > 1). It can be equivalcntly 
described as a quotient space of Volterra operators on E g n . These differentials de- 
scribe highest order integrals of motion in the Hitchin integrable systems |19j . It 
is a base of the Hitchin fibration of the Higgs bundles and thereby their moduli 
parameterize the base. In contrast with the space of projective structures (W2- 
gravity) the canonical transformations of this space generate Lie algebroids |23l [5] 
rather than the Lie algebra of vector fields. The symplectic quotient with respect 
to this action is a moduli space of generalized projective structures (the moduli 
space of Wjv-gravity) . In particular, it describes the moduli space of generalized 
deformations of complex structures by means of higher order differentials. 

This situation can be generalized in the following way. Remind that a Lie 
algebroid A is a vector bundle over a space M with Lie brackets defined on its 
sections T(A) and a bundle map (the anchor) to the vector fields on the base 
5 : T(A) — > TM. Let 7Z be an affine space over the cotangent bundle T*M 
(the principle homogeneous space). It is a symplectic space with the canonical 
symplectic form. Define a representation of A in the space of sections of 1Z in a such 
way that together with the anchor action they generate canonical transformations 
of 1Z. These transformations are classified by the first cohomology group H 1 ^) of 
the algebroid. We call Lie algebroid equipped with the canonical representation in 
the space of sections 1Z the Hamiltonian algebroid A H . The Hamiltonian algebroids 
are analogs of the Lie algebra of symplectic vector fields. 

The symplectic quotient of TZ with respect to the canonical transformations can 
be described by cohomology of the BRST operator of A H [HI I18j . We prove that 
the BRST operator in this case has the same structure as for the transformations 
by Lie algebras. 

The general example of this construction is based on the Poisson sigma-model 
[211 126] . We consider a one-dimensional Poisson sigma-model X(t) : S 1 — > M, 
where M is a Poisson manifold. The Lie algebroid in this case is a vector bundle 
over M = {X(t)}. The base M is Poisson with the Poisson brackets related to the 
Poisson brackets on M. The space of sections of the Lie algebroid is X*(T*M). The 
Lie brackets on X*(T*M) are defined by the Poisson brackets on M [HI Ell 124] - 
Though the Poisson structure exists only on maps S 1 — * M, in some important cases 
the Lie algebroid structure (the Lie brackets and the anchor) can be continued 
on the space of maps from a Riemann surface £ D S 1 to M and, moreover, to 
the affine space R over X*(T*M). The canonical transformations of the space of 
smooth maps R define a Hamiltonian algebroid. It turns out that the first class 
constraints, generating these transformations are consistency conditions for a linear 
system. Two of three linear equations define a deformation of operator 9 on E. 
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This deformation depends on the Poisson bivector on M. The symplectic quotient 
with respect to the canonical actions can be described by the BRST construction. 
In particular, it defines the moduli space of these deformations of the complex 
structure. 

We apply this scheme to the space of opers on a Riemann surface E S)n . We start 
with the space Mjv(-D) of GL(N, C)-opers on a disk D C £. The space Mn{D) 
being restricted on the boundary S 1 = dD is a Poisson space with respect to the 
Adler-Gelfand-Dikii (AGD) brackets [ll 1 13] . It allows us to define a Lie algebroid 
(the AGD-algebroid) An over Mn{D). The Lie brackets on the space of sections 
T(An) and the anchor are derived from the AGD bivector. The case N — 2 corre- 
sponds to the projective structure on D and the sections T(An) is the Lie algebra 
of vector fields with coefficients depending on the projective connection. The case 
N > 2 is more involved and we deal with a genuine Lie algebroids since differential 
operators with the principle symbol of order two or more do not form a Lie algebra 
with respect to the standard commutator. The AGD brackets define a new commu- 
tator on F(An) that depends on the projective connection and higher spin fields. 
According with the AGD construction the differential operators in r(^7v) can be 
replaced by a quotient space of the Volterra operators on D. This construction can 
be continued from D to £ s ,n- We preserve the same notation for this algebroid and 
call it the AGD Lie algebroid on The space Mn of opers on plays the 

role of the configuration space of WAf-gravity [251 1111 115) . The whole phase space 
Rat of WOv-gravity is an affine space over the cotangent bundle to the space of op- 
ers T*Mjv. The canonical transformations of are sections of the Hamiltonian 
AGD-algebroid .4^ over Mn- The symplectic quotient of the phase space is the 
moduli space WW of the Wjv-gravity on £ g ,n. Roughly speaking, this space is a 
combination of the moduli of H^v-deformations of complex structures and the spin 
2 , . . ., spin TV fields as the dual variables. This moduli space can be described by the 
cohomology of the BRST complex for the Hamiltonian algebroid. As it follows from 
the general construction, the BRST operator has the same structure as in the Lie 
algebra case. We consider in detail the simplest nontrivial case N = 3. In this case 
it is possible to describe explicitly the sections of the algebroid as the second order 
differential operators, instead of Volterra operators. It should be noted that the 
BRST operator for the W^-algebras was constructed in [28] . Here we construct the 
BRST operator for the different object - the algebroid symmetries of WVgravity. 
Another BRST description of Il^-symmetries was proposed in Ref.[2]. We explain 
our formulae and the origin of the algebroid by a special gauge procedure in the 
SL(./V, C) Chern-Simons theory using an approach developed in Ref. jll] . 

The paper is organized as follows. In next section we define Lie algebroids, 
their representations, cohomolgy, the Hamiltonian algebroids, and the BRST con- 
struction. In Section 3 we use a Poisson sigma model to construct Hamiltonian 
algebroids. In Section 4 we consider two examples of our construction. We analyze 
the moduli space of flat SL(iV, C)-bundles and the moduli of projective structures 
on S gi „. A nontrivial example of this construction is W^-gravity. It is considered 
in detail in Section 5. The general Wn case is analyzed in Section 6. 
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2. Lie algebroids and groupoids 

2.1. Lie algebroids and groupoids. We remind a definition brief descrip- 
tion of Lie algebroids and Lie groupoids. Details of this theory can be found in 

[23 up. 

Definition 2.1. A Lie algebroid over a smooth manifold M is a vector bundle 
A —> M with a Lie algebra structure on the space of its sections T(A) defined by the 
Lie brackets |_£i, £2], £i,£2 £ T(^4) and a bundle map (the anchor,) S : A — > TM, 
satisfying the following conditions: (i) For any £1,62 £ r(.4) 

(2.1) =W»J. 
(ii) For any e x ,e 2 £ r(„4) and / 6 C°°(M) 

(2-2) Lei,/e 2 J =/Lei,eaJ+(<5 ei /)e 2 . 

In other words, the anchor defines a representation of r(.4) in the Lie algebra 
of vector fields on M. The second condition is the Leibnitz rule with respect to the 
multiplication of sections by smooth functions. 

Let {eP(x)} be a basis of sections. Then the brackets are defined by the struc- 
ture functions f\ (x) of the algebroid 

(2.3) Le J ,e fc J = /f (x)e\ x e M . 
Using the Jacobi identity for the brackets |_ , J , we find 

(2.4) jf (x)f*T(x) + <Wf (x) + c.p.(j,k,m) - 00 
If the anchor is trivial, then A is just a bundle of Lie algebras. 

There exists the global object - the Lie groupoid |17) . 

Definition 2.2. A Lie groupoid G over a manifold M is a pair of smooth man- 
ifolds (G, M), two smooth mappings l,r : G — > M and a partially defined smooth 
binary operation (the product) {g, h) 1— ► g ■ h satisfying the following conditions: 

(i) It is defined when 1(h) = r(g). 

(ii) It is associative: (g ■ h) ■ k — g ■ (h ■ k) whenever the products are defined. 
(Hi) For any g £ G there exist the left and right identity elements l g and r g in G 
such that l g ■ g = g ■ r g = g. 

(iv) Each g has an inverse g^ 1 such that g ■ g" 1 — l g and g^ 1 ■ g = r g . 

We denote an element of g £ G by the triple ((x\g\y)), where x — 1(g), y = r(g). 
Then the product g ■ h is 

g.h=({x\g-h\z)) = ({x\g\y)){{y\h\z)). 

An orbit of the groupoid in the base M is defined as an equivalence x ~ y if 
x = 1(g), y = r(g) for some g £ G. The isotropy subgroup G x for x £ M is defined 
as 

G x = {g£G I 1(g) =x = r(g)} = {((x\g\x))} . 
The Lie algebroid is a infinitesimal version of the Lie groupoid. The anchor is 
determined in terms of the multiplication law. The problem of integration of a Lie 
algebroid to a Lie groupoid is treated in Ref. |17) . 



The sums over repeated indices are understood throughout the paper, and c.p.Q', k,m) 
means the cycle permutation. 
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2.2. Representations and cohomology of Lie algebroids. The definition 
of algebroids representations is rather evident: 

Definition 2.3. A vector bundle representation (VBR) (p,M) of a Lie alge- 
broid A over M is a vector bundle M over M and a map p from A to the bundle 
of differential operators in M Diff- 1 (AA,M.) of the order less or equal to 1, such 
that: 

(i) the principle symbol of p(e) is a scalar equal to the anchor of e: 
(2.5) Symb( (0 ( £ )) = ld M 5 £ , 

(ii) for any £i,£2 £ ^(A) 

(2-6) [p(£ 1 ),p{e 2 )]=p{[e 1 e 2 \), 

where the l.h.s. denotes the commutator of differential operators. 

For example, the trivial bundle is a VBR representation (the map p is the 
anchor map 5). 

Consider a small ball U a C M with local coordinates x = (x 1 , . . . ,x n ). Then 
the anchor can be written as 



(2.7) 5 eJ =V a {x)— = {V\d), (a = l,...,dimM)a 

Let £ = £ = i a d a , {d a — gfr) be a section of the tangent bundle TM. Then the 
VBR on TM takes the form 

(2.8) p(e j )Z=(V\dO-(dV\0 = [6 ej ,Z}. 
Similarly, the VBR on a section p — p a dx a = (p\dx) of T*M is 

(2.9) p(e?)p = (V\d){p\dx) + (dx\(d(V)p)) = C Sc] p, 



where C is the Lie derivative along the vector field 8{. We omit a more general 
definition of the sheaf representation. 

Now we define cohomology groups of algebroids. First, we consider the case of 
contractible base M . Let ^4* be a bundle over M dual to A. Consider the bundle 
of graded commutative algebras A*„4*. The space T(M, A* .4*) is generated by the 
sections (r]j\e k ) = 5j. It is a graded algebra 

r(M, AM*) = , A* n = {c n (x) = yjr'v , '.mi, ...r) jn , x&U}. 

eO(M). 

Define the Cartan-Eilenberg operators "dual" to the brackets J 

sc n (x; e 1 , . . . , e™, e n+1 ) = ^(-l)^ 1 ^^^; e\ . . . , e\ . . . e")- 

i 

(2.10) - Y^(-l) i+j Cn(x; le\e>\,. . . , &, . . . , e\ . . . , e") , 

j<i 

where 

8 e iC n (x) = (dc n (x)\b l (x)) . 
It follows from (|2.ip and f|2.4|) that s 2 = 0. Thus, s defines a complex of bundles 
A* -> A 2 A* 

2 The brackets { | ) mean summations over repeating indices. 
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The cohomology groups H k (A, 0(M)) of this complex are called the cohomology 
groups of algebroid with trivial coefficients. This complex is a part of the BRST 
complex described below. 

The action of the coboundary operator s takes the following form on the low 
cochains: 

(2.11) sc(x; e) = S e c(x) , 

(2.12) sc(x;£i,e 2 ) = S ei c(x;e 2 ) - 5 £2 c(x;ei) - c(x; [si,£ 2 \), 

(2.13) sc{x; ei,£2,e 3 ) = 5 Sl c(x; e 2 , e 3 ) - S £2 c(x; e 1( e 3 ) 

+5 £3 c(x; ei,e 2 ) - c(x; [s 1 ,e 2 \ , £3) + c(x; [ei, £3] , e 2 ) - c(x; [e 2 ,e 3 \ , ei) . 
It follows from (I2.11| that H°(A, 0(M)) is isomorphic to the invariants in the space 
0{M). 

The next cohomology group H 1 (A,0(M)) is responsible for the shift of the 
anchor action on O(M) 5 e f(x) — (6 e x\df(x)}) 

(2.14) 5 e f(x) = S £ f(x) + c(x; e) , sc(x; e) = . 

Then due to (|2.12j) . this action is consistent with the defining anchor property (12. ip . 

We modify the action ([2~T4]) . Let * = exp/ e 0*(M). Then the action on * 
takes the form 

(2.15) S e ^(x) = (4 +c(x;e))*(a;) 

satisfies the the anchor property (|2.ip [<5 £l <5 e2 ] = Si eitE2 ]. 

If M is not contractible the definition of cohomology group is more complicated. 
We sketch the Cech version of it. Choose an acyclic covering U a . Consider the Cech 
complex with coefficients in /\ *(„4*) corresponding to this covering: 

T(U a , /\ -(A*)) rc^, f\'(A*)) ^ ■ ■ ■ 

The Cech differential d c commutes with the Cartan-Eilenberg operator s, and 
cohomology of algebroid are cohomology of normalization of this bicomplex : 

T(U a , A* ) "-4 Y{U aP , Al) © T(U a , At) 

T(U a01 , A* Q ) © T(U a0 ,A$) © F(U a , A* 2 ) — > • • ■ . 

The cochains c IJ G ® a a -a ^(Ua 1 a 2 ---a j ,A*) are bigraded. The differential maps 
c*'* to {~iyd c c l ' j +sc l >i, has type (i,j + l) for i 1 :•'(/' ' r'"' and (i + l,j) for sc 1 ' 1 . 

Again, the group H (A,O(M)) is isomorphic to the invariants in the whole 
space O(M). 

Consider the next group H^(A,0(M)). It has two components 
(c a (x, e), c a p{x)). They are characterized by the following conditions (see (|2.12j) ) 

c a {x] |ei, £2]) = 5 El c a (x;e 2 ) - 5 E2 c a (x;ei) , 

(2.16) 5 £ c a p(x) = -c a (x; e) + cp(x\ e) , 

(2.17) c ai (x) = c af3 (x) + cp 7 (x) . 




LIE ALGEBROIDS AND GENERALIZED PROJECTIVE STRUCTURES ON RIEMANN SURFACES 



The group (A,0(M)) is responsible for the central extension of the the 
brackets on T(^4). Let c(x;ei,62) be a two-cocycles. Then 

(2.18) L(£i,0),(£ 2 ,0)J c . e . = (Lei,e a J s c(x;e 1 ,e 2 )). 

The cocycle condition (12.13)) means that the new brackets [ , J c . e . satisfies (|2.4I) . 
The exact cocycles lead to the split extensions. There is an obstacle to this contin- 
uations in HW(A, O(Mj). We do not dwell on this point. 

Example 2.1. Consider a flag variety Fl N = G/B, where G = SL(N,C) and 
B is the lower Borel subgroup. The flag variety is a base of a s\(N, C) algebroid. 
In particular, sl(2, C) anchor acts on Fl% ~ CP 1 in a neighborhood U+ of z = by 
the vector fields 

5 e =d z , S h = -2zd z , S f = ~z 2 d z . 

The one-cocycle representing iJ 1 (sl(2, C), C(CP 1 )) 

c(z, e) = , c(z, h) = v , c(z, /) = vz 

defines the extension of the anchor action S e l{2.14\ ). Let w be a local coordinate in 
a neighborhood U_ of z = oo . Then 

S e = -w 2 d w , 5 h = 2wd w , Sf = d w . 

and 

c(w, e) = vw , c(w, h) = —v , c(w, f) = . 
The another component of H 1 (s\(2,C),0(CP 1 )) satisfying (2. 1 6\) is the cocycle 

(2.19) c+_(z) = z/logz. 

Example 2.2. Consider the C* bundle over C 2 \ = {(z 1 ,z 2 )}. Define the 
anchor map 

(2.20) 5 e = e( Zl d Zl + z 2 d Z2 ) . 
According with ^2.14^ it can be extended as 

(2.21) 5 e = e( Zl d Zl + z 2 d Z2 - v) , 
because ev G C represents a non-trivial one-cocycle. 

2.3. Affine spaces over cotangent bundles. We shall consider Hamilton- 
ian algebroids over cotangent bundles. The cotangent bundles are a special class of 
symplectic manifolds. There exist a generalization of cotangent bundles, that we 
include in our scheme. It is affine spaces over a cotangent bundles we are going to 
define. 

Let V be a vector space and 1Z is a manifold with an action of V on 1Z 

K x V ^ K : {x,v) ^ x + v e K . 

Definition 2.4. The manifold 1Z is an affine space over V (a principle homo- 
geneous space over V) if the action ofV on 1Z is transitive and free. We denote it 
K/V. 

In other words, for any pair Xi,x% G 1Z there exists v d V such that x\ +v = x 2 , 
and x + v^xifv^0. 

This construction is generalized to vector bundles. Let E be a vector bundle 
over M and T(E) is the linear space of its sections. 
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Definition 2.5. An affine space 1Z/E over E is a bundle over M with the 
space of sections T(1Z) defined as the affine space overT(E). 

Consider a cotangent bundle T*M and the corresponding affine space 7Z/T*M. 
Let £ a be a section of H/T*M over a contractible set U a C M. It can be identified 
with a section of T*U a . To define 1Z over M consider an intersection U a p = Li a nUp. 
We assume that local sections are related as 

(2.22) £ a = £p + Sap , 
where <; a p G T(Z^(JA a p)) and 

z^(u a0 ) = {^3 g W{u a0 ) | ds a0 = o} . 

We have c; Q/ 3 = — qp a and on the intersection lA a01 = U a HUp DU^ 

If = Pa — P/3 then 72. can be continued from U a to £^3 as T*Up. Therefore, the 
non-equivalent affine spaces over T*M are classified by the elements iJ 1 (M, Z^ 1 '). 

An affine space 1Z/T*M is a symplectic space with the canonical form to. Lo- 
cally onW a , to = (d£ a A £fe a ). In fact, the symplectic form is well defined globally, 
because the transition forms <r Q| g are closed. But in contrast with T*M, 10 is not ex- 
act, since ^ a dx a is defined only locally. The symplectic form on T*M has vanishing 
cohomology class [wj. m] = 0, while the cohomology class of [u>n\ is an nontrivial 
element in H 2 (M,C). 

Example 2.3 

The cotangent bundle T*FIn to the flag variety 
Flpj — SL(N,C)/B, without the null section, can be identified with the coadjoint 
orbit passing through the Jordanian matrix ^w'+i • Consider in particular 

Fl 2 ~ CP 1 . The symplectic form on the cell U+ = {\z\ < 00} C CP 1 is to — 
dp + A dz + . The cotangent bundle T*U + can be represented by the matrix 

( - Z +P+ P+ ) 
V - Z +P+ Z +P+ J 

On U- = {\z\ > 0} the form to is dp- A dz_ (z_ = — ). On the intersection 
the transition form vanishes p+dz + = p-dz-. 

The affine space 1Z/T*CP 1 is a generic coadjoint orbit O u passing through 
diag(^, —v). Over U + the coadjoint orbit has the parametrization z + ) 

( -z + Z+ + \ V \ 

V -z\i+ + vz+ - \v J 

with the form d£ + A dz+ . On the cell hi- the form is <i£_ A dz_ . The transition 
form is represented by the non-trivial cocycle from H 1 (CP 1 ,T* FI2) 

(2.23) - i+dz+ = vd(\ogz_) 

(compare with (|2.19[) ). 
Example 2.4 

The basic example, though infinite-dimensional, is the affine space over the 
antiHiggs bundles. □ The antiHiggs bundle Wjv(£) is a cotangent bundle to the 



3 We use the antiHiggs bundles instead of the standard Higgs bundles for reasons, that will 
become clear in Sect. 4. 
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space of holomorphic connections M = {V^ 1,0 - 1 = d + A} in a trivial vector bundle 
of rank N over a complex curve E. The cotangent vector (the antiHiggs field) is 
sl(iV, C) valued (0, l)-form $. The symplectic form on Hn^E) is - J s tr(D$ ADA). 
An example of the affine space TZ/HnC^) i s the space of the K-connections {(k8 + 
A, d + A)} (k€C) with the symplectic form J s tr{DA A DA). 

2.4. Lie algebroids with representations in affine spaces. Let A be a 

Lie algebroid over M with the anchor 8. We shall define a representation p of 
A acting on sections of the affine space 1Z/T*M in such a way that prove that p 
combined with 5 are hamiltonian vector fields on 1Z with respect to lo = (d^\dx). 
It means that 

i £ uj = dh £ , 8 £ x = {h e ,x} , p e £ = {h £ , £} . 

Lemma 2.1. The anchor action \2. 7| ) of a Lie algebroid A over M can be lifted 
to a hamiltonian action on 1Z/T*M with 

(2.24) h e = (5 e \Z)+c{x;e), 
where c(x;e) G i? x (.A, O(M)). 

Proof. 

Define first the VBR of A on sections of 1Z. Consider a contractible set U a C M 
with local coordinates x a = (x^ , . . . , x^ ) The anchor has the form 

(2.25) S £ x a a =V2,( S e3 = V j > a d a = (V*\d) ) 

a 

Let £ Q G T(lZ a /T*U a ). Define an action p on the sections 

(2.26) p e £ a = £ £ £ a + dc a (x; e) , 

where C £ is the Lie derivative and c a (x; e) represents an element from H 1 (A, 0(M)). 
Since c a (x;e) is a cocycle, the action (12.26)) satisfies (|2.6|) . It also satisfies (|2.5I) . 
Therefore, the action (|2 . 26[) is a VBR. The last term in (|2 . 26[) is responsible for 
the passage from T*lA a to the affine space TZ a , otherwise £ a is transformed as a 
cotangent vector (see (|2.9jl ). 

To define the VBR globally we prove that on the intersection U a p = XA a HUp 
we have 

(2.27) p £ {£ a - £a) = C £ {q a(i + dc a/3 ) , 

where <; a p is a closed one- form representing an element from H 1 (M,Z^) and 
c Q /3 G H X (M, 0{M)) (see ([2~T7jl ). To prove (f2~27|) we apply ([2~26]) to its left hand 
side 

Pe(£a ~ = £e(£,a - £>) + d(c a (x; e) - cp(x;e)) . 
Since <i(£ Q — £p) = dq a f3 — , C £ (£ a — £p) = di £ ^ a p. Then using (|2.16p we come to 
(|2~27f . The action (|2~27| means that 

is the Lie derivative of a closed one-form. It allows us to define the VBR on sections 
of K/T*M. 

The direct calculations show that S £ (|2.25[) and p £ (|2 . 26[) are hamiltonian vector 
fields {h £ , } with h £ (|2.24| . The Hamiltonians have the linear dependence on 
"momenta". The corresponding Hamiltonians (|2.24|) have the linear dependence 
on "momenta". The exact cocycle c(x;e) = 5 £ f(x) shifts £ in the Hamiltonian 
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he = (£ + df(x)\S £ )). Thus, all nonequivalent lifts of anchors from M to TZ/T*M 
are in one-to-one correspondence with H 1 (A, 0{M)). □ 

Remark 2.1. TTiere ezisfc i/ie map ('see j2.24\ >) 

(2.28) r(,4) 0(ft), (e -> ft e = (c5 £ |<e) + c(s; e)) . 

Dwe to i fff.i)) and £/ie cocycle property of c(e, x) ?s the Lie algebras map 

(2.29) {h Sl ,h e2 } = h [ei>S2] . 

The map to the hamiltonian vector fields is the bundle map 

fe /{/i e , } , 

because the ring of functions is defined on the base M and thereby is Poisson com- 
mutative. 

This remark suggests the following definition. 

Definition 2.6. We call the Lie algebroid A over M equipped with the VBR 
in the sections of7Z/T*M the Hamiltonian algebroid A. . The anchor of A H is the 
map (KM - 

Then the Jacobi identity for the Hamiltonian algebroids assumes the form 

(2.30) ft(x)fir(x) + {h em Ji k (x)} + c.p.(j, k,m) = 0. 

Example 2.5 

Consider the action of C* : on C 2 \ {0} , (z a — > \z a ) , (A ^ 0) . Infinitesimally, 
we have ([2T2H)l (see Example 2.2). The quotient (C 2 \ {0})/C* is isomorphic to 
CP 1 - Fl 2 . We lift the infinitesimal action (|2~2T)|) to the cotangent bundle T*(C 2 \ 
{0}). The cotangent bundle T*(C 2 \ {0}) is equipped with the canonical symplectic 
form 

lo = dpi A dz\ + dpi A dz2 ■ 
It is invariant under the action of C* : z a — > (exp£)z a , p a — > (exp— e)p a - The 
generating Hamiltonian h £ of this transformation (i e uj = dfi*) has the form 

h e = -e{piz 1 +p 2 z 2 ) ■ 

It defines the Hamiltonian algebroid A H . 

Consider the symplectic quotient of T* (C 2 \ 0) with respect to the C* action 
generating by the shifted Hamiltonian by the cocycle ev 

h E — > he — ev . 

It defines the moment map constraint 

pizi +p 2 z 2 = v. 

For z\ ^ one can fix the gauge z\ = 1 and find from the moment constraint 
Pi = —p 2 z 2 + v. In this case the symplectic quotient is isomorphic to T*C with 
coordinates (p 2 ,z 2 ) and the form dp 2 A dz 2 . Similarly, for z 2 ^ one can take 
z 2 = 1 , p 2 = —p\Z\ + v and the canonical coordinates (pi,£i) on the symplectic 
quotient T*<C. On the intersection we come to the relation 

Pidzi = p 2 dz 2 + d log z" . 

Comparing with p.23p we conclude that for a nonzero value of the moment map 
v ^ the symplectic quotient is a generic coadjoint orbit, otherwise for v — we 
come to T*CP l . 
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2.5. Reduced phase space and its BRST description. Let eP be a basis 
of sections in T(A). Then the Hamiltonians (|2.24|) can be represented in the form 
h? — (e? \F(x)), where F(x) £ T(A*) defines the moment map 

F :ft-»r(w4"). 

The coadjoint action ad* in T((A H )) is defined in the standard way 

{[e,e1]\F(x)) = (et\axf e F(x)). 

The zero- valued moment F(x) = is preserved by the groupoid coadjoint action G 
generated by adj. The moment constraints F(x) = generate canonical algebroid 
action on 1Z. The reduced phase space is defined as the quotient 
n red _ n ji G ._ ^ £ Ti^p^ _ )/G} , 

In other words, TZ red is the set of orbits of G on the constraint surface 
F(x) = 0. 

The BRST approach allows us to go around the reduction procedure by intro- 
ducing additional fields (the ghosts). We shall construct the BRST complex for 
A H in a similar way as the Cartan-Eilenberg complex for the Lie algebroid A. The 
BRST complex is endowed with a Poisson structure and in this way it has the form 
of the quasi-classical limit of the Cartan-Eilenberg complex. 

The sections ij £ F((.A)*) are the anti-commuting (odd) fields called the ghosts. 
We preserve the notation for the Hamiltonians in terms of the ghosts h = (rj\F(x)), 
where {rjj} is a basis in T((A)*). Introduce another type of odd variables (the 
ghost momenta) £ T(A H ) dual to the ghosts We attribute the ghost number 
one to the ghost fields gh(ry) = 1, minus one to the ghost momenta gh('P) = — 1 
and gh(x) = for x £ 1Z. Define the Poisson brackets in addition to the Poisson 
structure on 1Z 

(2.31) { rij ,V k } = 6%, {r 1j ,x} = {V\x}=0. 

All fields are incorporated in the graded Poisson superalgebra 

BFV = (T(A*((-4)* 8 A)) ® 0(TZ) = r(A'(^)*) ® T(A'A) ® 0(TZ) . 

(the Batalin-Fradkin-Volkovitsky (BFV) algebra). 

There exists a nilpotent operator Q on the BFV algebra Q 2 = 0, gh(Q) = 1 
(the BRST operator) transforming it into the BRST complex. The cohomology of 
the BRST complex give rise to the structure of the classical reduced phase space 
lZ red . Namely, H°(Q) is the space of invariants with respect to the symplectic 
action of G and in this way can be identified with the classical observables. 

Suppose that the action of Q has the hamiltonian form: 

= ^,fte BFV. 

Due to the Jacobi identity the nilpotency of Q is equivalent to {f2, fi} = 0. Since 
f2 is odd, the brackets are symmetric. For a generic Hamiltonian system with the 
first class constraints fi can be represented as the expansion |18j 

n = h v + ±(M\\r) + ..., (h v = ( V \F)) , 

where the higher order terms in V are omitted. The highest order of V in £1 is 
called the rank of the BRST operator Q. If A is a Lie algebra defined together 
with its canonical action on 1Z then Q has the rank one or less. In this case the 
BRST operator Q is the extension of the Cartan-Eilenberg operator giving rise to 
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the cohomology of A with coefficients in 0(1Z). Due to the Jacobi identity the first 
two terms in the previous expression provide the nilpotency of Q. It turns out that 
for the Hamiltonian algebroids A H f2 has the same structure as for the Lie algebras, 
though the Jacobi identity (|2.4[) has additional terms. 

Theorem 2.1. The BRST operator Q for the Hamiltonian algebroid A H has 
the rank one: 

(2.32) n=( V \F) + ^([ V , V '\\V). 

Proof. 

Straightforward calculations show that 

= {h m ,h m } + \{VmM\F) - \{YrnMF) 
+\{KAlv2V2\ I W - \{h m ,{Ym,v'x\ \-Pi)} + \{(lm,v'i] (ImM ITO . 

The sum of the first three terms vanishes due to (|2.29p . The sum of the rest 
terms is the left hand side of (|2.4p . The additional dangerous term may come 
from the Poisson brackets of the structure functions {L^ij^iJj L^t^J}' ^ n ^ ac ^' 
these brackets vanish because the structure functions do not depend on the ghost 
momenta. Thus, (|2.4[) leads to the desired identity {f2, fi} = 0. □ 

3. Lie algebroids and Poisson sigma-model 

3.1. Cotangent bundles to Poisson manifolds as Lie algebroids. Let 

M be a Poisson manifold with the Poisson bivector ir = 7r(e,e'), where e,e' are 
sections of the bundle T*M. It is a skewsymmetric tensor with vanishing Schouten 
brackets (the Jacobi identity) [7r,7r]s = 0. In local coordinates x — (xi, . . . , x n ) it 
means 

(3.1) dm 3k {x)ir lrn {x) +c.p.(j,fc,m) =0. 
The Poisson brackets are defined on the space 0(M) 

{f(x),g(x)} := {dg\-K\df), df,dg € T(T*M) . 
The Poisson bivector gives rise to the map 

(3.2) V" : T*M -> TM , V? = (e|7r|9) , e e F(T*M) . 
In particular, 

(3.3) 5 e x k =ejir jk (x). 

In this way we obtain a map from the space O(M) to the space of the Poisson 
vector fields 

(3.4) / - V f = dj^ k d k = (df\ir\d) , (ft = A) . 

The Poisson brackets can be rewritten as {/(#), g(x) } = —iy f dg. 
Define brackets on the sections e,e' G T(T*M) 

(3.5) L^.e'J = d(e\ir(x)\e') + (de\Tr\e'} + (e\Tr\de'} , 

[e,e'\ k = 6^(^)4. 

Lemma 3.1. The brackets !i3.5\) are the Lie brackets. T*M is a Lie algebroid 
A over the Poisson manifold M with the Lie brackets \3. 5\) and the anchor t3.£\) . 
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Proof. 

It follows from the Jacobi identity (|3.1|) . that the brackets (|3.5j) are the Lie brackets. 
The commutator of the vector fields satisfies (|2.1[) 

The property (|2.2[) follows from the definition of Lie brackets (|3.5[) . □ 
The structure functions of T*M are defined by the Poisson bivector 

fi k (x)=d^ k (x). 

This type of the Lie brackets correspond to a particular choice of the Dirac structure 
in the Courant brackets on TM ® T*M [SJ |S]. 

Remark 3.1. A linear space M with the linear Poisson brackets n^ k (x) — /fx* 
can be identified with a Lie coalgebra. Then the map V* h3.2\) is the coadjoint action 

(3.6) V* ~ adj > 
and the brackets h3. 5\) are the Lie brackets on M* . 

3.2. Poisson sigma-model and Lie algebroids. Consider a set M51 of 
smooth maps X : S 1 — > M 

m S i = {x{t) ■. s 1 -+m, \t\ = i, Ze^r^oW^ 1 )}, 

Assume that there exists a Poisson bivector n defined on M s i, with a holomorphic 
dependence on X and it is a (2m — l)-form on S 1 

it = tt(X) , n G A 2 (TM s i) ® fi( 2m " 1 )(S* 1 ) . 

By means of ir define a Lie algebroid As* over M51, as it was described above. 
The sections of the algebroid F(^4m s1 ) = {s r } are defined by the pairing 

(3.7) / Si r 6X j . 

Js 1 

Therefore, e are (1 — m)-forms on S 1 taking values in the pull-back by X of the 
cotangent bundle T*M 

r(^M sl ) = x*(t*(m)) ® n^Hs 1 ) . 

According with (j3 . 3|) ) and (13 . 5[) the anchor and of the brackets take the form 

(3.8) S £ X = (e\n(X) , (S £ X k = e^ k {X)-^-) , 

(3.9) [e,e'\ = d(e\Tr(X)\e') + (de\ir(X)\?) + (i\n(X)\d£') . 

Consider a complex curve E g of genus g. Let X(z, z) and e(z,z) be smooth 
continuations of X(t) and e(t) from S 1 C E g on S g and M be the set of the maps 

X : S S ^M, X = X| s i, 

M = {X : C°° (E fl -> M ) , ® ft (m ' 0) (Eg) } . 

eeG = X*(T*(M)) ® ^""^(Eg) , e = e| S i 

The main assumption. The anchor ij3.8j) and the Lie brackets A3.9\) are 
defined on the maps IeM and £ G 5- Therefore there exists the Lie algebroid A 
over M with Q as a space of sections. 
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3.3. Global Hamiltonian algebroid. Let £ be a (1— to, l)-form on E g taking 
values in sections of the affine space over the pull-back by X of the cotangent space 
T*M. 

i e r{RX*(T*M)) ® n^-^iZg) . 

The affine space = (£, X) plays the role of the phase space of the 2 + 1 sigma-modcl 

E 9 x M -»■ M . 
It is endowed with the canonical symplectic form 

(3.10) w= / (DXAD£). 

JT.g 

Let c(Jf, e) be a cocycle 

(3.11) c(Z,e) = / (e\dX) . 

Thereby, one can define the shifted anchor 

5 e X k = e j Tr jk (X) + c(X,e). 
In principle the cocycle can be trivial and the shift can be removed (see (|2.14[) and 

The canonical transformations of ui (|3.10|) according with (|2.25[) and (|2.26p are 
represented by 

(3.12) 5 E X = (s\ir(X) , 
(see f[3T8])). and by 

(3.13) p £ £ = dc(X,e) + £ e ^ 

(Pstk = de k + d k {e n TT n °)^ + e n ir nj )d k £j) , 

where C £ is the Lie derivative with the vector fields (e\w(X). 

The transformations (|3 . 1 2|) . (|3.13[) and the brackets t|3. 9|) are consistent with 
the orders of forms on T, g : 



(3.14) 





X 




7T 


(1 -m,0) 


(to,0) 


(l-m,l) 


(2m- 1,0) 



Assume that M is flat with global coordinates (a;- 7 ), (j = l,...,d). Then 
another consistent assignment depending on coordinates will be used in Section 5. 



(3.15) 



£ 3 


X? 






(1-TO„0) 


K-,o) 


(l-mj.l) 


(mj + nik —1,0) 
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In Section 6 we will use another pairing between the sections of algebroids (the 
covectors) and the tangent to the base vectors (|6.4|) It leads to another correspon- 
dence between the forms and the fields: 



(3.16) 



e 


X 


i 


7T 


(-m,0) 


(m,0) 


(-771, 1) 


(2m, 0) 



The transformations (|3.12|) . (|3.13l) are generated by the first class constraints 

(3.17) F := dX + 7r(X)|f) = . 

If we use (|3.14p then F is a (to, l)-form on S g . In the case (|3.15[) we come d = dim M 
constraints 

(3.18) F j = dX 3 + ir jk (X)£ k = , (dim {F j ) = (m 3 , 1) . 

Due to Lemma 2.1 the action (|3 . 13[) means the lift of the anchor action from 
M to R/T*M by the cocycle (|3.11[) . The canonical transformations are the Hamil- 
tonian transformation 

(3.19) 6 h J(X,0 = {he,f(X^)}- 

Here the Poisson brackets are inverse to the symplectic form oj (|3.10|) and 

(3.20) h £ = J (e\F) = (6 e X\0 + c(X, s) . 
(see mi ). 

Summarizing, we have defined the symplectic manifold 1Z = {(£,X)} and the 
hamiltonian action of the algebroid A defined by the Hamiltonian (|3.20p . 

3.4. Deformation of complex structure on complex curves. Following 
our approach we interpret the constraints (|3.17|) as consistency conditions for a 
linear system. In this and next subsections we take the order of forms from (|3 . 14[) . 
The passage to (13. 15)) and (|3.16|) is straightforward. 

Let ip , <p be sections of V m = X*{T*M) <g> n(- ro+1 '°) (E 9 ) and 

= X*{TM) <g> n (m ^(T, g ), and B is a linear map V m -> 

(3.21) B(X)tp = ip , B{X) = n(X) . 
Define, in addition, two maps 

A : V m V m ® n^iZg) , A* : Vj n -> V' m ® Q^fJig) , 

(3.22) A = -5 + dTr(X)\£,) , A* = -8 - dw{X)\£) . 
Locally, the operators are defined as 

A l k <p k =(-8S l k --^n l ^ 

(Anli>i=(-86 l k + -^n ln ^ip l . 

Consider the linear system 

(3.23) 7rpOV> = 0, 
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(3.24) (-d-dn(X)\O)<p = 0, 

(3.25) (-5 + dw[X)\Z}) ip = , 

Lemma 3.2. Let the Poisson bivector satisfies the non- degeneracy condition: 
dct (dir\ip)) + 7 (det ^p-7r J ' m (^) m # 0) /or any ^ € X*(T*M). TTien constraints 
\3.17\) are </ie consistency conditions for S3.23\) , [3~24\ ) and S3. 25\) . 

Proof. The consistency condition of these equations is the operator equation 
BA - A*B = for B ([3~%j) . A, A*, (j3~2"2"|) . After substitution the expressions for 
A,A*,B and applying the Jacobi identity (|3.ip one comes to the equality 

(BX i + n is ^)-^-y m ^) m = 0. 

The later is equivalent to the constraint equation (|3.17|) if 7r is non-degenerate in 
the above sense. □ 

Remark 3.2. The spaces V m and are analogs of coadjoint and adjoint 
spaces. In the first example in next Section they coincide with coadjoint and and 
adjoint representations of sl(N, C). In what follows we shall consider "vector rep- 
resentations". 

The equations d3~24]) and (|3~25j) define the generalized deformations of the 
operator d on £ fl acting in the space of sections of V m and V^. This deformation 
is provided by the Poisson bivector n and by sections £ of the affine bundle. We 
shall apply this scheme for the concrete Poisson structures below. 

3.5. BRST construction. Let G be the Lie groupoid corresponding to the 
Lie algebroid ,4m, and 

W ed = R//G is the corresponding symplectic quotient. 

The symplectic quotient R red can be described by the BRST technique. Define 
the BRST anticommuting ghosts 

rj e t(x*(t*m) ® n^- m '°\i: g ) , 

and their momenta 

V e T(X*(TM) ® Q( m ' 1 )(S ff ) . 
The classical BRST complex is the set of fields 

(3.26) f\ ' (r(X*(TM) ® fi( 1 - m '°)(E 9 )) © T(X*(T*M) ® n( m - 1 )(E fl ))) ® 0(H) . 
Theorem 2.1 states that the BRST operator has the rank one 

(3.27) n= f ( V \F)+ f ([v,vWP). 

Remind that the classical observables on R red are elements from H°(Q). The 
moduli space of deformations of complex structures is a part of TZ red . 

Let us briefly repeat the steps that lead to the moduli space of deformations of 
complex structure on the disk S g . 

• We start with a Poisson manifold M and define the Lie algebroid A over 
M (Lemma 3.1). 

• This algebroid has infinite-dimensional version „4m if one consider the 
maps X from S s to M. 
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• We define the set of fields (X,£), where £ e X*(T*M). It is the affinc 
space R/T*M. 

• The anchor action and the representation of A in R is generated by the 
first class constraints (|3. 171) . They are the compatibility conditions for 
the linear system (|3.23l) . (|3.24[) and (|3.25|) . Two last equations define the 
generalized deformation of complex structures on in the space of sections 
V V 

'mi v m- 

• The reduced phase space H red can be described in terms of the BRST 
complex (gH)} with Q ([3~2"7) . 

We repeat these steps in concrete cases considered in the rest part of paper. 

4. Two examples of Hamiltonian algebroids with Lie algebra 

symmetries 

In this section we consider two examples, where the spaces of sections of the 
gauge algebras are replaced by sections of Lie algebroids, though the results can 
be obtained within standards Lie algebras symmetries implying a trivial anchor 
action. We construct Lie algebroids to illustrate our approach. 

Let be a complex curve of genus g with n marked points. The first example 
is the moduli space of flat bundles over £ 9 ,n- It will become clear later, that it is 
an universal system containing hidden algebroid symmetries. The second example 
is the moduli space of the projective structures (VWstructures) on £ s , n . 

The generalization of the latter example is the Wiv-structures, where the sym- 
metries are defined by a nontrivial Lie algebroid, will be considered in last Sections. 

4.1. Flat bundles with regular singularities. We consider a rank N trivial 
vector bundle E over S g . rl . Define the derivatives d! : E — > E (g> f^ 1,0 ) (E fli „), 
d" : E -> E® 0(°' 1 )(S 9in )'. 

4.1.1. Local Lie algebroid. On a disk D C S g n one can choose the derivatives 
in the form 

(4.1) d' = (nd + A) ® dz , d" = 3 + A , k£C 

where d = d z , d — d%, z is a local coordinate and A(z,z), A(z,z) are s\(N, C) 
valued C°°{D) functions. Let MsLniS 1 ) be the set {d 1 } restricted on the boundary 
S 1 of D. It has a structure of the affine Lie coalgebra L*(s\(N,C)) with the Lie- 
Poisson brackets on the space of functionals 0{Msl n (S 1 )) 

{f(A),g(A)}= I tt([df(A), dg(A)]A) + df(A)d(dg(A))) , {/(^),«} = 0, 
Js 1 

where df(A) is a variation of f{A). Thereby, M5l n (S' 1 ) can be considered as the 
base of the Lie algebroid AsLn^S 1 ) (see Remark 3.1). It corresponds to m = 1 in 
(EH- 

Following (|3.5p we define the space of sections of the algebroid. It is the 
Lie algebra of smooth functionals <?sl jv ( , S' 1 ) — L(s\(N,C)) with coefficients from 
0(Msl n (S 1 ))- The variable dual to k corresponds to the central charge of L(sl(iV, C)). 
In this way we come to the Lie brackets 
(4.2) 

N 

Mt), 0), (s'(t')),0)] jk = (5(t, t') e 3 im k (t') - JjiV)eik{t), f ti(s(t)ds'(t))) , 
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where S(t,t') = X^iez **(*')~ l_lc ^- The integral defining the central extension rep- 
resents a nontrivial 2-cocycle (see (|2.12p ). 

The anchor is defined by the gauge transformations 

(4.3) S £ A = nde + [A, e] . 

Note, that the multiplication of sections on functionals from 0(Msl n (S 1 )) modifies 



the brackets (|4.2|) according with (|2.2I1 Similarly, we have for the gauge transfor- 
mations 

5 nA)5 A = f(A)( K de + [A,s}). 

4.1.2. Global Lie algebroid. Though the Poisson structure is defined only on 
S 1 , the gauge algebra (|4.2|) and the gauge transformations (|4.3p are well defined on 
the curve. Thereby it is possible to define the global Lie algebroid. We specify the 
behavior of the fields in neighborhoods of the marked points. Assume that A has 
first order holomorphic poles at the marked points 

(4-4) A\ n = . 

z x a 

We denote by Qsl n = {&} the Lie algebra of the smooth gauge transformations on 
Assume that at the marked points the gauge transformations are nontrivial 

(4.5) + 0(z - x a ) , r a € s\(N, C) ^ . 

At the marked points we add a collection P of n elements from the Lie coalgebra 
A*(N,C) 

P = {P= (Pi, ■ ■ ■ ,Pn)} , 
endowed with the Lie-Poisson structure {f(p a ), g{Pb)} — &ab{Pa\[df ,dg\) . 
The gauge algebra Qsl n acts on P by the evaluation maps as 

(4.6) 5 e p a = [p a , r a ], EG Q S L N ■ 

Thereby, we have defined a Lie algebroid Asl n = Qsl n X Msl n over 
M S l n = {d',P} with the anchor map (@~3]), @~6]). 

The cohomology H 1 (Asl n ) = H 1 (Gsl n , 0{Msl n )) are the standard cohomol- 
ogy of the gauge algebra Gsl n with the cochains taking values in holomorphic 
functionals on Msl n - There is a nontrivial one-cocycle 



(4.7) 



c(A,p;e) = J tr (e(dA - 2mY^{xa)p a )^ 



= (s\BA) -27rz^tr(r a ■ p a ) 

a=l 

representing an element of H 1 (Asl n )- This cocycle provides a nontrivial extension 
of the anchor action (see (12.14| ) 

n 

S e f(A, p) = (e\BA ~ d(df(A)) + [df(A), A}) ~ 2iri £ tr(r aPa ) . 

a=l 

Next consider 2g contours j a , (a — 1, ... , 2g) generating tti The contours 
determine the 2-cocycles 

(4.8) c Q (e 1 ,e 2 ) = / tY( £l de 2 ) 
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(see (|4.2j) . The cocycles (|4.8j) lead to 2g central extensions Qsl n of Gsl? 

Qsl n = Qsl n ©qLi CA Q , 



[( £ll 0),(£ 2 ,0)] c ., 



\ a / 



4.2. Global Hamiltonian algebroid. To define the corresponding Hamil- 
tonian algebroid we consider the cotangent bundle T* MsL N (^g,n) with the sections 

ieflC'^Eg.^sl^C)). 

Remark 4.1. The form $ is dual to d! . Here and in what follows we do not 
consider the dual to k variables. 

Define the affine space Tt% L over T*M$l n C^g,n) as the space of sections 
{d" = 8 + A}. 

The symplectic form on 1Zsl n is 

(4.9) up = / tr(DA A DA) = (DA A DA) . 



Consider the contributions of the marked points in the symplectic structure. 
We define there the symplectic manifold 

(T*d x ...,xT*G n ). 

with the form 

n n 

(4-10) Y / u u = Y i {(D(p a g- 1 )ADg a ). 

a—1 a—1 

Here ui a is the canonical symplectic form on T*G a ~ T*SL(iV, C). We pass from 
T*G a to the coadjoint orbits 

(4.11) O a = { Pa = g^pWga | p! 0) = diag(A M , . . . , X a<N ) , g a G SL(N, C)} . 

and assume that the orbits are generic A a ^ A afc , for j ^ k. The orbits are 
the symplectic quotient O a ~ SL(iV, C) \\T*G a with respect to the action g a —> 
fa9a, fa € SL(iV, C). The form ui a coincides on O a with the Kirillov-Kostant 
form uj a = (D(g~ 1 p a ^) A Dg a ). It was mentioned above (Example 1, in 2.4) that 
the orbits O a are the affine spaces Aff(T*Fl a (N)) over the cotangent bundles 
T*Fl a (N) to the flag varieties Fl a (N). 

Eventually we come to the symplectic manifold 

Ksl n = CR° SLn ; 1 x . . . O n ) ~ (Aff(T*E);Aff(T*Fh) x . . . Aff(T*Fl n )) , 



(4.12) 



n „ n 

j° + "a = / tr(DA ADA) + J2 ^(fl" 1 ^) A Dg a ) . 

a=l "^ S 9 a=l 



According with (|3.1ip the pass from T* Msl n (D x ) to 1Zsl n is provided by the 
cocycle (|4.7j) 

Consider the Hamiltonian 

/i E = y tr £ -27ri^5(a; Q )p a )J , F(A,A) =dA- K dA+[A,A]. 
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The Hamiltonian generates the canonical vector fields (|4.3j) and 

(4.13) p e A = Be + [A, e] , p e g a = g a r a . 

(see (|2.26|) ). The global version of this transformations is the gauge groupoid Gsl?, 
acting on 1Zsl n - The flatness condition 

n 

(4.14) F(A,A)-2Tri^6(x a )p a = 

a=l 

is the moment constraint with respect to this action. 

The flatness is the compatibility condition for the linear system 



(4.15) 



(kO + A)ip = 0, 
(d + A)tJj = , 



where ip £ fi°(E Sjrl , Aut-E) as in Lemma 3.2. We can consider the same system 
for ip £ n°(Y,^ n ,E) (see Remark 3.1). 

The second equation describes the deformation of the holomorphic structure 
on E. 

4.2.1. The moduli space of flat bundles. The moduli space M.^ at of flat SL(iV, C)- 
bundles is the symplectic quotient 1Zsl n / /Gsl n - It has dimension 

(4.16) dimM f jj at = 2(N 2 -l)(g-l) + N(N - l)n , 

where the last term is the contribution of the coadjoint orbits O a . 

As in the general case 0(Ai^ af ) can be identified with cohomology group 
H°(Q) of the BRST operator Q which we are going to define. Let r] £ f^°) (£ fl ,„, EndE) 
be the ghost field and V is its momentum V £ f^ 1,1 ) (S g , n , EndE 1 ). Consider the 
algebra 

0(K N )®A' (Gsl n )®G*sl n ) ■ 
Then the BRST operator Q acts on functionals on this algebra as 

Q*(A, A,p a , 77, V) = {ft, A, Va r), V)} , 

where 

0= / tr V I F(A, A) -2iriYp a S{x a ) + i / tr(fa, rj']\V) . 



f tir)(F(A,A)-2 m J2Pa$(xa))) + l I 

^ S 9 \ 0=1 / ^ E 



4.3. Projective structures on E 3)71 . 

4.3.1. Local Lie algebroid. The set of projective connections M%{D) on a disk 
D C £ s>n is represented by the second order differential operators K 2 d 2 — T, where 
T = T(z,z) £ C°°(D) T{z,z) £Q^ \D), n £ C 

The set MziS 1 ) (S 1 ~ 91?) is a Poisson manifold with the brackets 

(4.17) {T(t), T(s)} = (-t^ 3 <9 3 + 2Tk<9 + ndT^j S{t, s) , {T, k} = , 

where d = dt and <5(t, s) = X^fcez t k s~ k ~~ 1 dt. This case corresponds to f|3 . 14[) m = 2 
The dual space with respect to the pairing 

((7»|(e,c)) = / Se-ST + kc 
Js 1 
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is the central extended Lie algebra of vector fields Q 2 {S 1 ) = {(e, c)} on S 1 

(e,c), E = e(z)-^ ert- 1 < \S 1 ), s(z)eC 00 (S 1 ). 
The commutation relations can be read off from the Poisson brackets (see (|3.5[1 ) 

(4.18) [(ei,O),(e a ,O)] = (eiK0ea-e2K0ei s / £i(-^ 2 <9 3 + 2Td + dT)e 2 ) . 

Js 1 2 

One can omit the last two terms under the integral since they form an exact cocycle 
(see (|2.12j) and we deal with the standard cocycle. 
The coadjoint action of G 2 (S 1 ) on M 2 (S r ) 

(4.19) S e T(z, z) = -endT - 2Tnde + ^n 3 d 3 e 

defines the anchor in the vector bundle A 2 (S 1 ) over M 2 (S 1 ). 

4.3.2. Global Lie algebroid. The algebroid P~Tg]) . fjlty can be defined globally 
over the space M 2 = M 2 (£ g ,„) of projective connections T on S ff , n . We assume 
that T(z, z) is smooth on £ g ,n and has poles at the marked points x a , (a = 1, . . . , n) 
up to the second order: 

(4.20) iV^ a ~ ~l + - 1 +..., 

The section of the algebroid are smooth chiral vector fields 

g 2 (z g , n ) = r(n(- 1 -°)(E ff , n )) = 

Assume that the vector fields have the first order holomorphic nulls at the marked 
points 

(4.21) s\z^x a = r a (z - x a ) + o(z - x a ), r a ^ . 

We denote this global algebroid A 2 — G 2 (E g , n ) © M 2 {T, g ^ n ), 

Consider the cohomology H'(A 2 ) ~ H*{Q 2 ,M 2 ). Due to (|4~19|) and (|4~2Tj) 
(5 E T° 2 = and thereby T° 2 in (|4.20|) represents an element from H°(A 2 ). 

The anchor action (|4.19p can be extended by the one-cocycle c(T; e) represent- 
ing a nontrivial element of H 1 (A 2 ) 

(4.22) c(T;s)= [ edT = (e\dT) , 



6 e f(T) = (6 s T\df(T)) + c(T;e). 

The contribution of the marked points in (|4.22[) is 2irir a Tt 2 - 

There exist 2g nontrivial two-cocycles defined by the integrals over non con- 
tractible contours "f a : 

c a (ei,e 2 ) = k 3 j> eid 3 e 2 . 

The cocycles give rise to the central extension Q 2 of the Lie algebra of the vector 
fields on S 9 ,„ (see flUTS}). 
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4.3.3. Global Hamiltonian algebroid. The affine space 7?.2(S fl! „)/T'*M2(S g . rl ) 
has the Darboux coordinates T and /i, where fi G Q^ 1 * 1 ) (S g .„) is the Beltrami 
differential. The anchor ()4.19[) is lifted to 7?-2(£g,n) as 

(4.23) 5 E [i — —endfi + \inde + de , 

where the last term occurs due to the cocycle (|4.22|) . The symplectic form on 

72. 2 (E g ,„) is 



(4.24) u= / DT A Dfj, . 

•>£ g ,n 

Remark 4.2. The space IZ2 is the classical phase space of the 2 + l-gravity 
on E s ,n x / [6]. The Beltrami differential (i is related to the conformal class of 
metrics on S g ,n and plays the role of a coordinate, while T is a momentum. In our 
construction the role of /i and T is interchanged. 

We specify the dependence of /x on the positions of the marked points in the 
following way. Let U' a be neighborhoods of the marked points x a , 
(a = 1, . . . , n) such that U' a n U' h — for a ^ b. Define a smooth function x a (z, z) 



(4-25) X a{z,z) 



1, Z6 U a , U' a DU a 

0, *eE fl \zC 



Due to (|4.23|) at the neighborhoods of the marked points fi is defined up to the 
term d(z — x a )x{ z , z). Then [i can be represented as 

n 

(4.26) [l = y^[*Q, g + tl,a{z -X a ) + ■■ -]Ma ) Ma = ®Xa{z, z) , (*0,a = ~ ^a) > 

a=l 

where only to, a can not be removed by the gauge transformations (|4.2ip . (|4.23|) . 
Contribution of the marked points to the symplectic form (|4.24[) takes the form 

n 

(4.27) J2 DT -2 ADt ^ + DT -i ADt o,a- 

a=l 

The canonical transformations are generated by the Hamiltonian 

(4.28) he= I eF(T,/i)= f ^6 £ T + c(T,e), 
where 

(4.29) F(T, fi) = (d + find + 2nd^)T - ~K 3 d 3 fi . 
We put F(T, fi) = 

(4.30) (B + fj,Kd+ 2Kdfi)T- ~k 3 <3 3 /x = 0. 

Let -0 be a (— ^,0) differential. Then (|4. 30[) is the compatibility condition for 
the linear system 

U 31 ) I (^ 2 -T)V> = 0, 

1 > \ (d + /J,Kd - ±Kdn)lp = . 
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It is analog of the vector representation mentioned in Remark 3.1. The system 
(|3.23|) - (13.25|) in this case has the form 

f ( 7 ±k 3 <9 3 + 2TKd+KdT))c/) = Q, 
\ (d + 1-j.nd — Kdfj,)<p = . 

Here is a section of the adjoint representation f^ -1 '°)(£ gin ). 

It follows from the second equations in both systems that the Beltrami differ- 
ential n provides the deformation of complex structure on S s , n - 

4.3.4. The moduli space W^- Let G2 be the group corresponding to the Lie 
algebra Q 2 ■ 

Definition 4.1. The moduli space W2 of W 2 - gravity on £ g , n is the symplectic 
quotient of IZ2 with respect to the action of G2 , 

W 2 = K 2 //G 2 = {F(T, 11) = 0}/G 2 . 

It has dimension 6(g — 1) + 2n. The space of observables is isomorphic to the 
cohomology H° of the BRST complex. It is generated by the fields T,fi £ 1Z 2 , 
the ghosts fields 77 G fi( -1 '°)(£ ffjn ) and the ghosts momenta V € fJ (2,1) (S s ,„). The 
BRST operator Q is defined by ft 

Q= f r,F(T,n) + ± [ [^n'XP. 

The first term is just the Hamiltonian (|4.28[) . where the vector fields are replaced 
by the ghosts. 



5. Hamiltonian algebroid structure in W3-gravity 



Now consider the concrete example of the general construction with a nontrivial 
algebroid structure. It is the Wn structures on E Sj71 [251 lilt 115] . They generalize 
the W 2 structure described in previous Section. In this Section we consider in 
details the W3 case. 

5.1. SL(iV, C)-opers. Opers are G-bundles over complex curves with addi- 
tional structures [HH]. Let E N be a SL(iV, C)-bundle over S 9 , n . It is a SL(N, C)- 
oper if there exists a flag filtration En D ■ ■ ■ D E\ D Eq = and a covariant 
derivative, that acts as V : Ej C Ej+\ ® OS 1 ' ' (£<,,„). Moreover, V induces an 
isomorphism Ej/Ej-i — > E j+1 /Ej ® f2( 1: °)(S ffin ) 



It means that locally 
\ 



(5.1) V = nd- 

1 

\ W N W N -i ... W 2 / 

where the matrix elements Wk = Wk(z,z) are smooth. In other words, we define 
the N-ordev differential operator on E g ,n 



„N-2 



(5.2) L N = K N d"-W 2 K N -*d 



■W N : n(-^ i '°)(S 9> „) 



with vanishing subprinciple symbol. The GL(N, C)-opers come from the GL(7V, C)- 
bundlcs and have the additional term — Wxd 1 ^^ 1 in ([5 
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In this section we consider SL(3, C)-opers and postpone the general case to 
next Section. It is possible to choose E\ = Q~ 1,0 (Tig in ), For N = 3 we have 

/ 1 

(5.3) V = nd-\ 1 

V W T 

and the third order differential operator 

(5.4) L 3 = n 3 d 3 -Tnd-W: fi^ 1 ' ) (£,,„) -> O (2 ' 0) (£ s ,„) . 

5.2. Local Lie algebroid over SL(3, C)-opers. Consider the set M^{D) = 
{L 3 } of SL(3, C)-opers on a disk D C E s ,n- On S* 1 = 3D this set becomes a Poisson 
manifold with respect to the AGD brackets pQ, 1131 

(5.5) {T(t), T(t')} = (-2k 3 o» 3 + 2T(i) K <9 + K<9T(t)) 6(t - t') , 

(5.6) {T(t), = (k 4 o> 4 - T(t)K 2 d 2 + 3W(t)nd - «0W(t)) <5(t - t') , 

(5.7) {W{t),W{t')} = 

+ (^K 5 d 5 - ^T(t)n 3 d 3 - 2dT{t)n 2 d 2 + (^T{t) 2 - 2n 2 d 2 T{t) + 2«aW(t)J nd 

n 2 d 2 W(t) - ^ K 3 d 3 T(t) + ^T(t)KdT(t)Xj S(t - t') . 

Remark 5.1. These brackets can be obtained in two ways. It was pointed in 
In Ref. |10j they derived via the Poisson reduction from the Lie-Poisson brackets 
on the Lie coalgebra of the Borel subalgebra L(sl(3,mC)) by the with respect the 
action of the unipotent subgroup. Another scheme was proposed in [11] . where 
the original coalgebra is L*(sl(3,mC)) and the action is generated by a maximal 
parabolic subgroup. 

In this way M^^S 1 ) can be considered as a base of a Lie algebroid ^(S 11 ) ~ 
T*M 3 (5 1 ). This situation corresponds to ([3~T5]) with M ~ C 2 , mi = 2 and m 2 = 3. 
To define the space of its sections we consider the dual space M3 (S 1 ) of second order 
differential operators on S 1 with a central extension 

(5.8) M|(S 1 ) = {( £ W|+ £ ( 2 )^, C )}. 
This space is defined by the pairing (see Q3.7[> ) 

(5.9) ((T,W»|(£ (1) ,e (2) ,c)) = / {e {1) T + e {2) W) + Kc. 

Following (|3.5[) we define the Lie brackets on r*Af 3 (5 1 ) by means of the AGD 
Poisson structure 

(5.10) L (^0), (4 1} ,0)j = («( W - W)| , c(sf), £ «)) , 
(5.11) 

L(eW,0),( £ ( 2 )'°)J = ^- £ ( 2 ) K 2 9V 1 ))^ + (-2 e ( 2 ) K a £ ( 1 )+eW K ae( 2 ))^, c(4 1} ,4 2) ) 



(5.12) l4 2) >4 2) 



j = ([\[.d{, 2 d 2 - T)ef]e^ - ^d( K 2 d 2 - T)ei 2 W)f t + 
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(4 2) « 2 aM 2) -4 2) - 2 a 2 e 2 2) )^, c (4 2) ,4 2) ))) • 

Here c(e^\e^) are the cocycles 

(5.13) c(e[ 1 \ei k) )= <f \(e ( f\s { 2 k) ), (j,k=l,2), 
A(e«,4 1) ) = +..., A(e« 4 2) ) = e fW#> +..., 

A( £ f\4 2) ) = ^V^ 2) + ---, 

and ellipses means the terms depending on lesser degrees of k. It can be proved 
that sc — (|2.13p and that c is not exact. Note, that the brackets (|5.10p define the 
algebra of the vector fields and the commutation relations are their generalization 
to the second order differential operators. 

According with (13 - 3[) the anchor action in As(S 1 ) has the form 

(5.14) S eW T = -2n 3 d 3 e {1) + 2Tnde {1) + ndTe {1) , 

(5.15) S eW W = -K 4 d 4 e« + 3Wnde {1) + ndWe {1) + Tn 2 d 2 e {1) , 

(5.16) 6 £{2) T = K 4 a 4 e (2) - Tn 2 d 2 e^ + (3W - 2ndT)nde {2) + (2ndW - K 2 d 2 T)e^ , 

(5.17) S em W = \n b d b e^ - ^T*rW 2 > - 2n 3 dTd 2 e^ + 

n (l T 2 - 2n 2 d 2 T + 2ndW)de^ + (n 2 d 2 W - -n 3 d 3 T + - K TdT)e^ . 
3 3 3 

Thereby, we obtain the Lie algebroid ^(S 1 ) over M^S 1 ). Note that in ^(S" 1 ) 
in contrast with the previous cases we encounter with the structure functions - the 
r.h.s of (|5.12p depends on the projective connection T. 
The Jacobi identuty (|2.4| in A3(S 1 ) takes the form 

(5.18) LL4 2) >4 2) J.4 2) J (1) - {^Kdef - e ?W£ a V e eoT + c.p.(l,2 ) 3) = 0, 

(5.19) LL4 2) ,4 2) J,4 1} J (1) - (4 2 W< 2) - e^Kdef^d^T = 0. 

The brackets here correspond to the product of structure functions in the left hand 
side of ()2.4|) and the superscript (1) corresponds to the first order differential oper- 
ators. For the rest brackets the Jacobi identity has the standard form. 

5.3. Global Lie algebroid over SL(3, C)-opers. The base M3(E ffi „) of the 
global Lie algebroid ^3(E 9j „) are SL(3, C)-opers. They are well defined globally on 
S fl ,n- The space of its sections Q (.A3) are the second order differential operators 
without free terms. To define this space properly we use the formalism of Volterra 
operators on in Section 6. They are well defined on S ffi „. There is map from a 
quotient space of the Volterra operators to Q (A3). It will be defined in subsection 
6.2. 
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5.3.1. Derivation of the brackets. To derive the Lie brackets (|5.10j) - (|5.12|) and 
the anchor action (|5.14j) - 15 . 1T[) globally we use the matrix description of SL(3, Co- 
opers (|5.3p . 

Consider the set G3(S 9! „) of automorphisms of the bundle E over S gj71 

(5.20) .1 •/ : '■•<•;/ / 

that preserve the SL(3, C)-oper structure 



(5.21) 




It is clear that G 3 (T,g^ n ) is the Lie groupoid over Al 3 (Yj g:n ) = {(W, T)} with 1(f) = 
(W,T), r(f) = (W',T'), f -» ((W,T\f\W',T')). The left identity map is 

Pexp(/ A(W,T))-C-Pexp(f A{W,T)) , 

where C is an arbitrary matrix from SL(3, C) and A(W, T)) has the oper structure 
(|5.3p . The right identity map has the same form with (W, T) replaced by (W',T'). 
The infinitesimal version of (|5.2ip takes the form 



(5.22) 



ndX - 







SW ST 



It is a linear differential system for the matrix elements of the traceless matrix 
X. The matrix elements Xj^ 6 nW -fe '°'(S gn ) depend on two arbitrary fields 
•^23 = e' 1 , %13 = £ ■ The solution takes the form 

/ x n X 12 

(5.23) X = X 2 1 X 2 2 

V x 31 %32 




x n = \(k 2 8 2 - T) £ P) - Kde^ , Xl2 = £ W - nde^ , 
X2i = \nd(n 2 d 2 - T)e^ ~ K 2 8 2 eW + We& , x 22 = ~\(^d 2 - T)e^ , 
x 31 = \n 2 d 2 {8 2 - T)e^ - kW 1 ) + K 0(We^) + We^ , 
x 32 = \nd( K 2 d 2 - T)e^ - kW 1 * + We^ + Te« , 

X 33 = _I( K 2 a 2_ T)£ (2) +K(9e (l)^ 
o 

The matrix elements of the commutator [Xi,X2]i3, [^1,^2] 23 give rise to the 
brackets (|5.10p , (|5.1ip . (|5.12p . Simultaneously, from (|5.22p one obtain the anchor 
action (pTTI)) - (|5TTTp . 
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5.3.2. Contribution of the marked points. Assume that the coefficients of opers 
M3 = MziY.g^n) have holomorphic poles at the marked points 

rpa 

(5-24) T\ n ~ - 2 + - 1 +... , 

{Z-X a y (Z-Xa) 

w> 

(5.25) W\ z ^ 



W^ 3 W°L 2 



(z-X a ) 3 {z - X a ) 2 {Z-X a ) 

The space of sections Q 3 ~ T(^4 3 ) = {e^\ e^} of the global algebroid .A3 was 
defined above. In addition, assume the coefficients of the first and second order 
differential operators vanish holomorphically at the marked points 

(5.26) e (1) ~ r« (z - x a ) + o(z - x a ) , e {2) ~ (z - x a f + o(z - x a f , r W ^ . 

Note that these asymptotics are consistent with the Lie brackets, the anchor action 
and with the asymptotics (|5.24|) and (|5.25[) . 

5.3.3. Cohomology of the Lie algebroid. It follows from (j5. 14|) - (15.171) . (I5.24|) . 
(jOS) . and ([5T26]) that 5 6] T* 2 = 0, 5 £] W1 3 = 0, (j = 1, 2, a = 1, . . . n). Therefore, 

(5.27) T! 2 , W^ 3 GH°(A 3 ,M 3 ) 
Define the cocycles 

(5.28) c« = / £ «9T, c& = f e^dW 



from H 1 (A3, M3). The contribution of the marked points to the cocycles is equal 
to 



c 



(i) 



a—1 a—1 

The cocycles lead to the shift of the anchor action 

There exists 2g central extensions c a of Q 3 , provided by the nontrivial cocycles 
from H 2 (A3, M3). They are the contour integrals j a 

(5.29) c a (e{'\si k) )=I A( £ «,e 2 fe) ), (j,k=l,2), 

J la. 

where ~f a are the fundamental cycles of E 9i „ and X(e^' , e^f 1 ) are defined by (|5.13[) . 
These cocycles allow us to construct the extended brackets: 

L(e«,0),(4 m) ,0)j c . e . = (L^^e^J^c^eW,^)), (ijm= i, 2 ). 

ot 

5.4. Global Hamiltonian algebroid. The affine space 1Z 3 over T*M 3 is the 
classical phase space for the WVgravity on E 9 x K [25j 1111 115) . Its sections are 
the Beltrami differentials fi € f^ -1,1 ) (S ff , n ) and the differentials p 6 f^~ 2,1 )(£ ffj „). 
They are smooth and near the marked points behave as (|4.26p and 

(5-30) p\ n ~ (i$ + t^Uz - x° a ))d X a(z, z) . 
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According with the general theory the anchor (15.14p - (15.17j) can be lifted from 
M3 to 7?-3. This lift is nontrivial owing to the cocycle ()5.28|) . It follows from (|2.2G|) 
that the anchor action on p and p takes the form 

(5.31) S eW p = -de {1) - pnde {1) + ndpe^ - pn 2 d 2 e {1) , 

(5.32) 5 E (i) p = -2pnde {1) + ndpe {1) , 

(5.33) S^p = n 2 d 2 pe {2) - \ \{Kd( K 2 d 2 - T)p)e {2) - ( K d(n 2 d 2 - T)e (2) )p 

(5.34) 6 eW p = -<9e (2) + (pn 2 d 2 e^ - n 2 d 2 pe^) + 2ndpe^ - pnde^ . 

The transformations (|5.14|) - (|5.17|) and (|5.31|) - ()5.34j) are canonical with 
respect to the symplectic form 

DT A Dp + DW A Dp . 
They are defined by the Hamiltonians 

(5.35) h,W=[ (jiS eW T + p5 eW W) + c (1) , 



(5.36) = / (pS £(2) T + p5 eW W) + c (2) . 
After the integration by parts they take the form 

h (i) = r e (D F (i) ; h (2) = r e (2 )F (2) 5 

where F« e ^^(E^), F 2 e ^'^(E^) 

(5.37) = -ST - K 4 5 4 p + Tn 2 d 2 p - k(3W - 2ndT)dp- 
-{2ndW - K 2 d 2 T)p + 2n 3 d 3 p - 2ndTp - ndTp , 

(5.38) 

F {2) = -dW - -n 5 d 5 p + -Tn 3 d 3 p + 2ndTn 2 d 2 p + k{--T 2 + 2n 2 d 2 T - 2dW)dp 
5 3 3 

-{n 2 d 2 W - \n 3 d 3 T + \nTdT)p + n i d i p - 3Wndp - ndW p - n 2 Td 2 p . 

5.5. The moduli space W3 of the W3 gravity. Let G3 be the groupoid 
corresponding to the algebroid Q%. 

Definition 5.1. The moduli space W3 of the W^-gravity is the symplectic quo- 
tient 

W 3 = TZ 3 //G 3 = {F 1 —0,F 2 ~ 0}/G 3 . 

It has dimension dimW3 = 16 (g — 1) + 6n. The term 6n comes from the 
coefficients T« u W* l5 W* 2 , and the dual to them t£j>, ^% t^}, (a = 1, . . . ,n) in 
(|4T26]) and fPU]) . 

The moment equations F^ = 0, F^ = are the consistency conditions for 
the linear system 

ri*n / (K 3 d 3 ~T K d-w)i;(z,z) = o, 

[ ' \ {B + (p- Kd P )d + K 2 P d 2 + |( K 2 a 2 - t) p - ndp) ip(z, z) = , 
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where </>(z,l) G fi(- 1,0 >(E ff) n). It is an analog of the vector representation. We 
will prove this statement in next subsection. This system defines \Y3-pr0jective 
structure on £ gi n- In the first equation the Schrodinger operator is replaced by 
the third order differential operator depending on two fields T and W . The second 
equation represents the deformation of the operator d (or more general d + fid 
as in (|4.3ip ) by the second order differential operator. The left hand side is the 
explicit form of the deformed operator when it acts on the space i7~ 1,0 (£ ffin ). This 
deformation cannot be supported by the structure of a Lie algebra and one leaves 
with the algebroid symmetries. 

Now we construct the BRST complex. We introduce the ghosts fields rf 1 ^ , rf 2 ' 
and their momenta "P*- 1 -*, "P^ . ft follows from Theorem 2.1 that for 

n= J2h {j) (v {j) ) + ~ E / (to w W fc) J*> <I) ) 

j=l,2 j,k,l=l.2 g ' n 

the operator QF = {F, f2} is nilpotent and define the BRST cohomology in the 
complex 

f\'(G s ®gZ)®C°°(K 3 ). 

5.6. Chern-Simons derivation. We follow here the derivation of VK-gravity 
proposed in Ref. [llj . We add to this construction a contribution of the Wilson 
lines due to the presence of the marked points on 

Consider the Chern-Simons functional on © R + 

S = [ tr(AdA + |a 3 ) + V / txipldtgag- 1 ) , (A = (A, A, A t )) , 

where the last sum is the geometric action coming from the Kirillov-Kostant forms 
on the coadjoint orbits O a (14. lip . Introduce n Wilson lines W a (A t ) along the time 
directions and located at the marked points 



W a (A t ) = Pexptr( Pa J At), = 1,. 



..,71. 



In the hamiltonian picture the phase space, corresponding to the Chern-Simons 
functional is 

(5.40) RsL a = {A,A,0 1 ,...,O n }, 

endowed with the symplectic form (14. 12)) . The field A t is the Lagrange multiplier 
for the first class constraints (|4.14p . 

The phase space of M^-gravity IZ3 can be derived from 1Zsl 3 - The flatness 
condition (|4.14p generates the gauge transformations 

(5.41) A -> f-^df - r'Af , A -» f-'df - r X A] , g a -» g a f a . 

The symplectic quotient with respect to the gauge group GgL(3,c) i s the moduli 

/flat 



space M J 3 lat of the flat SL(3, C) bundles over 2j „. 

Let P be the maximal parabolic subgroup of SL(3, C) of the form 

(* * 
* * 
* * * 

and Gp be the corresponding gauge group. We partly fix first the gauge with 
respect to Gp. A generic connection V can be transformed by / G Gp to the form 
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(|5.3|) . Taking into account ([4.14)1 we assume that A has simple poles at the marked 
points. To come to M 3 one should respect the behavior of the matrix elements at 
the marked points l[5. 24)1 . I[5.25p . For this purpose we use an additional singular 
gauge transform by the diagonal matrix 

n 

h = Y[ Xa(z,z)dia,g((z - x a y x , 1, (z - x a )) . 
0=1 

The resulting gauge group we denote G(p.ft), where \a is defined by l|4.25p . 
The form of A can be read off from (|4.14|) 

(an 012 —p \ 
021 022 -/i 
031 a 32 a 33 / 

2 

an = —-{n 2 d 2 - T)p + ndp , a J2 = — (J, + ndp , 
021 = -\nd{n 2 d 2 - T)p + n 2 d 2 p - Wp , a 22 = \{n 2 d 2 ~ T)p , 
o 3 i = -\n 2 d 2 {n 2 d 2 - T)p + K 3 d 3 p - nd(Wp) - Wp , 

a 32 = -\nd{n 2 d 2 - T)p + n 2 d 2 p -Wp-Tp, a 33 = \{n 2 d 2 - T)p - ndp . 

The condition (|4. 14[) for the special choice A (|5.3[) and A ()5.42p gives rise to the 
relations F(A,A)\ i3jl) = (f5737|) . F(A,A)\ {2A) = F^ ([Qg]) , while the other 
matrix elements of F(A, A) vanish identically. At the same time, the matrix linear 
system ([4.15)1 coincides with ()5.39|) . In this way, we come to the matrix description 
of the moduli space W 3 . 

The cocycles c Q (e^ ,£2^) Q5.29)) can be derived from the two-cocycle (|4.8p of 
Asl 3 - Substituting in (|4.8|) the matrix realization of r(_4 3 ) ([5.23p . one comes to 
(l5~29ll . 

The action of groupoid G 3 on A, A plays the role of the rest gauge transforma- 
tions that complete the G^p.^ action to the Gsl 3 action. The algebroid symmetry 
with non-trivial structure functions arises in this theory as a result of the partial 
gauge fixing by G(p.M. Thus we come to the following diagram 



GsL(3X) 



M 



flat 
SL 3 



\G 



(p-h) 



n 3 



G 3 



The tangent space to at the point A = 0, A — 0, p a — 0, g a — id 

coincides with the tangent space to W 3 at the point W = 0, T = 0, p = 0, 
p = 0. Their dimension is 16(5— 1) + 6n. But their global structure is different and 
the diagram cannot be closed by the horizontal isomorphisms. The interrelations 
between M^lfn an< ^ ^ N were analyzed in [20) 116) . 
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6. AGD algebroids and generalized projective structures 

In this section we define generalized projective structures on S ffi „ related the 
GL(iV, C) and SL(./V, C)-opers. It is a phase space of W^-gravity. In particu- 
lar, we define deformations of complex structures (the M^v-deformations) by the 
Volterra operators and by the opers. To construct a Lie algebroid over the space 
of GL(N, C)-opers we use the pairing (|6.4|) corresponding to the case (13.16|) with 
m = N. As a result the space of sections of the Lie algebroid is the space the 
Volterra operators instead of the space the differential operators, considered in pre- 
vious Section. We start with the description of the local AGD algebroid following 
Ref. [13j and then give its global version. The passage from the Lie algebroid to the 
Hamiltonian algebroid allows us to describe the generalized projective structures 
and their moduli. 



6.1. Local AGD algebroid. Consider a set B — ^DO(D) of pseudo-differential 
operators on a disk D C and their restriction on the boundary S 1 ~ 3D. It is 
a ring of formal Laurent series 

B = B((d- V )) = {Br^iS 1 ) , r,N eZ} = {X(t, d)} , t € S 1 , d = d t 
r-l 

(6.1) X(t,d)= ]T a k (t)d k , (o fc (z) en- N - k+1 (S 1 ). 

k— — oo 

The multiplication on B is defined as the non-commutative multiplication of their 
symbols 

(6.2) X(t, A) o Y(t, A) = £ 1 ^- k X{t, A) *y (t, A) . 

k>0 

In what follows we omit the multiplication symbol o. 

Note that B r: N(S 1 ) e 1 ^DO(S 1 ) can be considered as the formal map of the 
sheaves 

(6.3) Br^is 1 ) ■. n^is 1 ) -> rr^s* 1 ). 

Let MfiiS 1 ) be a space of differential operators L N = n N d N + W 1 n N - 1 d N - 1 + 
. . . + Wjv on S 1 (d — d t ) with smooth coefficients, corresponding to the GL(N, C)- 
oper on D. For brevity we call them the GL(7V, C)-opers. Then we have 

N~l , i, N-l , -i, JV + 1 , ni N + l , 

xl n ■. n — —(s 1 )^^ — —(s 1 ), l n x : n— (s 1 ) -> n— (S 1 ) , 

where the product is defined by (|6.2p . 

Define a pairing between Af^(S' 1 ) and Br^iS 1 ). For L^X = J2k°kd k let 
Res L^X = c_i. It is a one-form on S 1 and one can define a pairing 

(6.4) (L N X) = — I Res(L N X)dt. 

2tT Jgl 

Because Res [L^,X] is a derivative, (LjqX) = (XL^). The pairing corresponds to 
the case (I3.16[) . 
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6.1.1. Local AGD algebroid over GL(N,C)-opers. The local AGD algebroid 
over GL(N, C)-opers was constructed implicitly in |13j . The AGD brackets on the 
space M^(S 1 ) are defined as follows. The space of sections of the cotangent bundle 
T* Mjf (S 1 ) can be identified with the quotient space of the Volterra operators 

(6.5) rfT'M^S 1 )) = Bo^iS^/B^^iS 1 ) . 

As before consider k as an independent variable of an oper L n and extend the pair- 
ing (|6.4|) by the additional term k ■ c, where c corresponds to the central extension. 
In this case instead of (ref9.1a) we come to the extended space of sections 

f (T*M$ (S 1 )) = B , JV (5 1 )/B_ Ar _ 2 ^(5 1 ) © c . 

For L N and X g T(T*M§(S 1 )) define the functional l x = (L N X). In partic- 



ular, for l x =Wi(z), X = 5{z/t)dt N . The AGD brackets have the form 

(6.6) {IxJy} = (L N X(L N Y) + ) - {XL N {YL N )+) , 

where X + = J2k=o ak ^ k * s * ne differential part of X. Equivalently, (|6.6p can be 
rewritten as 

(6.7) {lx,W} = {XL N (YL N )_} - (L N X(L N Y)_) , 



where A- is the integral part of A g ^DO , (A+ = A — A-). 

Using the general prescription l|3.5|) we find from l|6.7[) the Lie brackets in the 
space of sections f (T*M^(S' 1 )) 
(6.8) 

L(A, 0), (Y, 0)J = (((YL N )_X - X(L N Y)_ + X(L N Y)+ - (Y(L N )+X),c) , 
where 

(6.9) c=-^-{l x ,l Y }. 

Due to the Jacobi identity for the brackets (|6.6p this term leads to the central 
extension of the Lie algebra T(T*M^(5 1 )). 

The anchor map assumes the form (see (|3.12[l ) 

(6.10) 5 Y L N = (L N Y)+L N -L N (YL N )+. 

Definition 6.1. The AGD algebroid A%(S 1 ) overM%{S l ) is a bundle T*M%{S X ) 
with the brackets &6.8\) and the anchor i6.10\) . 

It follows from (|6.6p and (|6.10p that the Poisson brackets can be rewritten as 

(6.11) {I x ,I y }=(X5yL n ), 
or in the form of the "Poisson-Lie brackets" 

(6-12) {l Xl l Y } = 1 -{[X,Y\L N ) = h [XtY] . 

The coefficient 1/2 arises from the quadratic form of the Poisson bivector. These 
two representations implies that the anchor plays the role of the coadjoint action. 

Remark 6.1. It is assumed in 16.8]) and t6.10\) that the sections X and Y are 
independent on a point in the base M^(S 1 ). To pass to a generic section one should 
use the defining properties of Lie algebroids. In fact, the Lie brackets i6.8\) and the 
anchor A6.10\) were appeared already in [13] . 
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6.1.2. Local AGD Lie algebroid over SL(N,<C)-opers. Now we consider the 
space Mat(S' 1 ) of SL(iV, C)-opers and construct the corresponding An^ 1 ) alge- 
broid. Remind that an SL(iV, C)-oper Lfj on D is defined by the condition W\ = , 
(L s N = d N + W 2 d N - 2 + ...)• 

The description of the AGD SL(iV, C)-algebroids is based on the following state- 
ment 

Proposition 6.1. • The anchor action A6.10\) preserves the coefficient 

Wi of a GL(iV,C) -oper iff 

(6.13) Res [Y, L N ] = . 

In particular it preserves an SL(N, C)-oper Lfj. 
• Sections satisfying i6.13\) generate a Lie algebra Q. 

This statement leads to the following definition. 

Definition 6.2. The AGD Lie algebroid An^ 1 ) over the SL(N,C)-opers on 
S 1 is defined by the brackets H6.8\) and the anchor map \6.10}) with condition \6.13\) . 

Proof of Proposition. If SyLfj does not change W\ then (ad^ N SyLn) = for 
any continues functional a on the space C°°(S 1 ). Due to (|6.10[) it implies 

(ad^ N {L N Y) + L N - ad^ N L N {YL N ) + ) = . 

We rewrite the l.h.s. as 

(adi N L N (YL%)_ - adi N {L N Y)_L N ) 

= {(adt N L N )+YL N - {L N adt N )+L N Y = (a[Y,L N }) . 

Vanishing of this expression for any a is equivalent to (|6.13[) . 

Let 5x and Sy preserve the structure of the SL(iV, C)-oper. Since = 
5yx,Y\ the sections, satisfying (|6.13[) generate a Lie algebra Q. Moreover, SL(N, C)- 
opers generate a Poisson subalgebra. In fact, we have from (|6.11[) and (|6.12[) 

hx.y\ Wi = {l lx , Yi , W X } = 2{{l Xl W), Wi] = . 

□ 

Now prove that Q is isomorphic to f (T*M N (S 1 )) C f (T*M§(S 1 )). Consider 
the cotangent bundle T*M N (S 1 ) to the space of SL(N, C)-opers Mn(S 1 ). The 
space of its sections is quotient space of T*Mn(S 1 ) = T* M^S 1 )/ {a(t)d t T N }. It 
is possible to choose a section X of the SL(7V, C) Lie algebroid AnIS 1 ) such that 
X e T(T* Mjy^S 1 ). 

Lemma 6.1. For any X S r(T*M^(S' 1 )) one can find a(t)d^ N such that Y = 
X + a(t)8^ N obeys ffiJ3) . 

Proof. It easy to find that for SL(N, C)-oper L N Res [adf N , L%] = -Nd t a. 
For any X e r(T*Af^(S' 1 ) Res [X, L S N ] = d t F(t). Then Res [(X + ad^ N ,L%] = 
d t {F(t) - Na(t)). Choosing a(t) = jfF(t) we obtain a section of the SL(iV,C) 
algebroid. □ 
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6.2. Global AGD Lie algebroid. As it was mentioned above the opers are 
well denned globally on the curves. We assume that in neighborhoods of the marked 
points the coefficients Wj behave as 

(6.14) W \ z ^ Xa ~ W^(j)(z - x a )-i + W^(j - l)(z - x a )-' J+1 + .... 

The base of the global AGD GL(A,C) algebroid A N (E gtn ) (A N (E gin )) is the 
space M^("Eg yn ) of global GL(A, C)-opers on Similarly, the base of the global 

AGD SL(A, C) algebroid A N {^ g ,n) is the space M w (S s , n ) of global SL(N, C)-opers. 
They have the prescribed behavior near the marked points. The spaces of their 
sections (Qn) are the quotient spaces of the Volterra operators 

Q% = F(.4jy(£ fl) „)) = ^0,Jv(S ffl „)/-B_jV-2,iv(S g) „) , 

where 

i N + l N — 1 

B^is 1 ) ■. n^(s s ,„) ->n— *-(£„,„). 

Near a marked point x a with a local coordinate z a section A G C?jv has the 
expansion 

iV+l 

(6.15) A = ^ e«3a-i , 

j'=i 

where e^O ~ ra \z — i„) 3 + o(z — x a y , ^ . 

Similarly the base of the global AGD SL(A, C) algebroid AN(^g,n) is the space 
M^{Yjg )n ) of global SL(A, C)-opers. The space of sections of «4jv(£ s ,n) satisfy 
(|6TT3)l . ' 

Consider in detail the case N — 3. Locally the sections of Q^f can be represented 
by the operators 

A = e^d- 1 + e^d- 2 + e^d~ 3 + d~ 4 . 

The space of sections described in Sections 5.2 and 5.3 (|5.8p are the second order 
differential operators {(e*- 1 ^ + e ^ 2 ''zb')}- We express and in terms of 
Note that for SL(3, C)-opers (|6.13p takes the form 

d z ((d 2 -T)e^+3e^ + 3e^) = Q. 

Then the anchor (|6.10[) and the brackets (|6.8[) coincide with the anchor (|5.14p - 
(|5?ITjl and the brackets IpTTOjl - l[5T2|) . if one puts = e< 2 ) and = e^l 
The one-cocycle representing H (An) comes from the integration over £ S) n 

c(L N ,X) = I Res(XdL N ). 
The contribution of the marked points is 

N 

c(L N ,X)\ z=Xa =J2 r - )W -^)- 
i=i 

Let j a be a set of 2g fundamental cycles of S s , n . One can define local AGD 
brackets {lx,ly}a (|6.6|) by the pairing (|6.4jl using 7 a . In this way we obtain 2g 
generators of H 2 (An) of type (|6.9p . 
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6.3. Global Hamiltonian AGD algebroid. Let B( r jv,i) = Br.NCEg.n)® 
K(T. g ^ n ) „ where K is the anti-canonical class, 

fl( P ,AM)( s ff,«) : r(^^ i ' 0) (s 9 ,„))^r(r!(^ i ' 1 )(s g ,„)). 

Consider the set of the SL(iV, C)-opers Mjv = Mjv(S S)n ). The affine space 7?.at = 

AffT*M N {Yig, n ) over T*M^-(S s , n ) is the set of fields' 

£ G -B(o,iV,i) (S s>n )/B(_jv_2,iV,i)(Sg,n)- Near the marked points £ behaves as 

JV+l 
3=1 

The symplectic form otlTZn is 

w = / Res(DL N AD£) . 

The anchor action on Mjv (|6.10[) can be lifted from Mjv to TZn as the canonical 
transformations of u) 

(6.16) 5 y £ = -BY + Y(L N £)+ - (£L N ) + Y + (YL N )+£ - £(L N Y)+ . 
The transformations are generated by the Hamiltonians 

h Y = l Res(£S Y L N ) + c(L N ,Y). 

•>£ 9 ,n 

The anchor action 

S Y L N = {h Y ,L N } , S Y £ = {h Y ,£} . 
defines the global Hamiltonian AGD-algcbroid _4^(X g .„). The Hamiltonian can be 
represented in the form 

h Y = I Res{YF(L N ,£)), 

J'Sg.n 

where 

(6.17) F := dL N - (L N €) + L N + L N (£L N ) + . 

The space 1Z n is a phase space of Wjv-gravity in the space T, g xR. The canonical 
transformations (|6.10[) . (|6.16[) are the gauge transformations of the theory. 

6.4. Generalized projective structures. Define the operator 

(6.18) 5 + A: Q^'°)(£ S)7l ) -> H^' 1 )^) , A = -(Lrf)+ 
and the dual operator 

8 + a* : ^-^^(s^j-^nc-^^cs^), A* = 

Let V> = (ip~,ip + ), i>~ G ^-^'^(S^), V + G n^'°)(E 9 , n ). Similar to Lemma 
3.2 we find that the constraints F = (sec (|6.17|l ) are equivalent to the linear 
problem 

(6.19) L N ip~(z,z) = 0, 

(6.20) {d-(L N Z)+)1>-(z,z) = 0, 

(6.21) (3+(£L w )+W + (M)=0. 
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Here we use the " vector representation" . It means that in the matrix forms of opers 
(|5.ip ip^ are vectors. The linear system defines the generalized projective structures 
on 

In this way an oper Ln together with the dual element £ defines Wn- deformation 
of complex structures on ^ g , n - The equations (|6.20p and (|6 . 2 1 1) are equivalent to 
the deformed holomorphity condition for the sections 
^-^'O) (£,,„) and n(^.°)(53 ff)n ). 

Let Gn be the groupoid corresponding to the AGD-algebroid A/v(S gin ). 

Definition 6.3. The moduli space Wn of the Wn -gravity is the symplectic 
quotient 

n N //G N = {Bl n - (L n O+Ln + L n (ZLn)+ = 0}/G N ■ 

The moduli space of the Wjv-deformations of complex structures on E 9jn is a 
part of the symplectic quotient Wn ~ Hn//Gn- The cohomology of the classical 
BRST operator are defined by 

where r\ is the ghost field corresponding to the gauge field Y and V is its momenta. 
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